ABSTRACT. We construct trivariate macro-elements of class C r for any r ≥ 1 over the Alfeld refinement of any tetrahedral partition in R 3 . In our construction, the degree of polynomials used for these macro-elements is the lowest possible. We also give the dimension formula for the subspace of consisting of these macroelements.
INTRODUCTION
In the literature, several trivariate C 1 and C 2 macro-elements were constructed over various refinement schemes of underlying tetrahedral partitions, see [1, 3, 14, 4, 2, 15] . These results are summarized in [7] . Much less is known about macro-elements with arbitrary smoothness. The only known trivariate C r macroelements are based on polynomials of degree 8r + 1 on non-split tetrahedra, see [8] .
In this paper we consider trivariate macro-elements over the Alfeld refinement of any arbitrary tetrahedral partition. The Alfeld refinement scheme consists of splitting each tetrahedron T of a partition into four subtetrahedra at a split point v T in the interior of T. It was first considered in [1] to construct C 1 macro-elements, where it was called a trivariate Clough-Tocher scheme. In [3] , C 2 macro-elements over the Alfeld split were constructed. A natural question is to ask how to extend these results and construct C r macro-elements over the Alfeld split for r > 2. More precisely, what are the minimal degree one has to use in order to construct them. To construct macro-elements, one ingredient is to use supersmoothness around the edges and vertices of a given tetrahedral partition and around vertices at the split points. How to choose various orders of those supersmoothness are the research questions.
In this paper, we shall use piecewise polynomials of degree 12m + 1 and 12m + 5 for r = 2m and r = 2m + 1, respectively. We also impose severals supersmoothness conditions at the edges and vertices of the given tetrahedral partition. These orders of supersmoothness will be explicitly given in Table 4 (cf. section 3). It will be shown that these conditions are minimal in the sense that it is not possible to construct macro-elements on the Alfeld refinement with lower order of supersmoothness. In addition we shall also show that the degrees of polynomials given above are minimal. Our macro-elements are consistent with those for C 1 smoothness and C 2 smoothness constructed over this refinement mentioned above. Our major effort is to demonstrate that with the degree and various orders of supersmoothness, the C r macro-elements can be indeed constructed. It turns out that all existing techniques based on Bernstein and Bézier representation of multivariate polynomials for bivariate splines and trivariate splines are sufficient to enable us to establish the construction of C r macro-elements. To make the proof more understandable, we present four examples to show various aspects of the construction.
The paper is organized as follows. In section 2, we first introduce some notation for the well known Bernstein-Bézier representation for trivariate polynomials and review some useful lemmas for smoothness conditions for two trivariate polynomials sharing a common triangular face. In section 3, we review the minimal degree conditions for bivariate macro-elements on the Clough-Tocher split of a triangle and on non-split triangles. These are used to derive the minimal degree conditions for the macro-elements over the Alfeld split of a tetrahedron. The main result of the paper, a local and stable minimal determining set for our macroelements on one tetrahedron and a collection of tetrahedra and the corresponding dimensional formulas, are considered in section 4. In the following section, we give some examples for the macro-elements for r = 1, . . . , 4. We conclude the paper with a nodal determining set for the macro-elements and some remarks.
PRELIMINARIES
Let ∆ be a given tetrahedral partition of a polyhedral domain Ω ⊂ R 3 . For each tetrahedron T ∈ ∆, v T be a point strictly inside T (usually the barycenter). Then we define T A to be the Alfeld split of T which consists of the four subtetrahedra obtained by connecting v T to each of the vertices of T. We refer to a tetrahedral partition ∆ A where all tetrahedra in ∆ are subjected to the Alfeld split. That is, ∆ A := {T A : ∀T ∈ ∆}. In this paper, we shall consider the following spline space S r d (∆ A ) := {s ∈ C r (Ω) : s| t ∈ P and the ball of radius n around v 1 is defined by
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The tube of radius n around e := v 1 , v 2 is defined by
If e is an edge of ∆ A , we define
Moreover, let
,j,k,l : l = n} be the set of domain points with a distance of n from the face
Every spline s ∈ S −1 d (∆ A ) restricted to a tetrahedron T ∈ ∆ A can be written as
are the Bernstein polynomials of degree d associated with T and Φ ν ∈ P 1 , ν = 1, 2, 3, 4, are the barycentric coordinates of T. Then each spline s ∈ S −1 4 and T := v 1 , v 2 , v 3 , v 5 be two tetrahedra sharing the common face F := v 1 , v 2 , v 3 . Let p and p be two polynomials of degree d with B-coefficients c T i,j,k,l and c T i,j,k,l relative to T and T, respectively. Then p and p join with C r continuity across the face F if and only if
for l = 0, . . . , r, and
Suppose that the B-coefficients of p are known and that p and p join with C r continuity. Then, these smoothness conditions can be used to determine some of the B-coefficients of p. They can also be used to determine some B-coefficients of p and p in cases where some of the B-coefficients of both polynomials are known. Lemma 2.1 (cf. [11] ). Let T := v 1 , v 2 , v 3 , v 4 , T := v 1 , v 2 , v 3 , v 5 , and p and p two polynomials of degree d. Suppose that the B-coefficients of p and p associated with the domain points in 
can be uniquely determined by the smoothness conditions
For j = 1 the B-coefficients associated with the domain points
, are also needed.
Proof. To make the proof easier to understand, we only show the statement for j = 0. The proof is analog for the case j = 1. 
and
where Φ ν , ν = 1, . . . , 4, are the barycentric coordinates associated with T. The vector b is given by
The prime on the sum means that the sum is taken over all α, β, γ and δ such that c T
is not one of the B-coefficients from (2.1).
A C r TRIVARIATE MACRO-ELEMENT BASED ON THE ALFELD SPLIT OF TETRAHEDRA  5 Because of the block structure of M, it suffices to consider B to show that M is nonsingular. Therefore, let B be the matrix obtained by factoring
and the linear func-
, it can be seen that the matrix B is the corresponding Gram matrix.
Suppose det( B) = 0. Then there would exist a nontrivial polynomial g := ∑ ' in in Fig. 1 (mid right) . From the C 0 smoothness condition at F, we know that these two B-coefficients must be equal. Now, we consider the remaining trivariate smoothness conditions at F associated with this B-coefficient. The C 1 smoothness condition connects all B-coefficients corresponding to domain points in Fig.   1 (mid right and right) marked with ' or . The C 2 smoothness condition connects all B-coefficients corresponding to domain points in Fig. 1 (mid left, mid right, and right) marked with ' or . The C 3 smoothness condition connects all B-coefficients corresponding to domain points in Fig. 1 marked with ' or .
Thus, we are left with three unknown B-coefficients, whose domain points are marked with ' in Fig. 1 (mid right and right), and three smoothness conditions. By Lemma 2.1, these undetermined B-coefficients can be uniquely and stably determined by the C 1 , C 2 , and C 3 smoothness conditions. In the same way, the Bcoefficients associated with the domain points marked with $ can be uniquely determined. with the domain points marked with ' and $ in Fig. 2 can be uniquely and stably determined from C 1 , C 2 , C 3 , and C 4 smoothness conditions. The B-coefficients of p and p associated with the domain points indicated by and in Fig. 2 are already determined. Let us now consider the B-coefficients of p and p corresponding to the domain points marked with '. In each figure, the common edge of the two shown triangles is in fact just the common face F := v 1 , v 2 , v 3 of the two tetrahedra T and T, which becomes an edge restricted to R i (v 1 ), i = 2, 3, 4, 5. Thus, we have trivariate smoothness conditions here. There are two undetermined Bcoefficients associated with the domain points marked with 'inFig. 2 (mid right).
The C 1 smoothness condition connects these B-coefficients with the B-coefficient associated with the domain point indicated by in Fig. 2 (right) . The C 2 smoothness condition connects all B-coefficients corresponding to domain points in Fig.   2 (middle, mid right, and right) marked with ' or . The C 3 smoothness condition connects all B-coefficients corresponding to domain points in Fig. 2 (mid left, middle, mid right, and right) marked with ' or . The C 4 smoothness condition connects all B-coefficients corresponding to domain points in Fig. 2 marked with ' or .
Thus, we are left with four unknown B-coefficients, whose domain points are marked with ' in Fig. 2 (middle and mid right), and four smoothness conditions. By Lemma 2.1, these undetermined B-coefficients can be uniquely and stably determined by the C 1 , C 2 , C 3 , and C 4 smoothness conditions. In the same way, the B-coefficients associated with the domain points marked with $ can be uniquely determined.
FIGURE 2. Domain points in the layers
The next lemma deals with the determination of some B-coefficients of a tetrahedron T from derivatives at a point in the interior of T. 
Proof. The cardinality of the set of undetermined B-coefficients of p is (
), which is equal to the number of derivatives in (2.4). Thus, to show that the derivatives in (2.4) uniquely determine p, it suffices to show that p ≡ 0 if we set the B-coefficients of p corresponding to the domain points within a distance of m from the faces of T and the values of the derivatives to zero.
Since the B-coefficients of p corresponding to the domain points within a distance of m from the faces of T are zero, the derivatives normal to these faces are also zero up to order m. Thus, the polynomial p can be written as p = l and the l i , i = 1, 2, 3, 4, are nontrivial linear polynomials which vanish on one face of T, respectively. Now,
We also need to solve certain bivariate interpolation problems where some of the B-coefficients are already known, and the rest are to be determined by interpolation at certain domain points.
is nonsingular.
Let s ∈ S 0 d (∆) be a spline that satisfies additional smoothness conditions beyond C 0 continuity, for a tetrahedral partition ∆. Then clearly not all B-coefficients of s can be chosen independently. Thus, a determining set for a spline space
The set M is called a minimal determining set for S if there is no smaller determining set. Then a spline s ∈ S can be uniquely determined by the B-coefficients of s associated with the domain points in M.
Suppose N is a collection of linear functionals λ, where λs is defined by a combination of values or derivatives of s ∈ S at points ς in Ω. Then N is called a nodal determining set for S provided that if s ∈ S and λs = 0 for all λ ∈ N , then s ≡ 0. It is called a nodal minimal determining set for S provided that for each set of real numbers {z λ } λ∈N , there exists a unique s ∈ S such that λs = z λ for all λ ∈ N .
Let F := v 1 , v 2 , v 3 be a triangle and v F be a point strictly inside F (usually the barycenter). Then we define F CT to be the Clough-Tocher split of F which consists of the three subtriangles obtained by connecting v F to each of the vertices of F (cf. [6] ).
MINIMAL DEGREES OF SPLINE SPACES
3.1. Minimal degrees for bivariate macro-elements. We begin with the following basic result (cf. [10] ): Lemma 3.1. Suppose that F := v 1 , v 2 , v 3 is a triangle and that ∆ F is a refinement of F such that there are n ≥ 0 interior edges connected to the vertex v 1 . Let s be a piecewise polynomial spline of degree d and smoothness r defined on ∆ F . Then the cross derivatives of s up to order r on the edges e 1 = v 1 , v 2 and e 2 = v 1 , v 3 can be specified independently only if we require s ∈ C ρ (v 1 ), with ρ ≥ (n + 2)r − n n + 1 .
For non-split triangles we have n = 0. This implies that, in order to ensure a smoothness of order r for the triangle, we must enforce supersmoothness of order ρ = 2r at each vertex of the triangle. With another proof this was also obtained in [16] (see also [13] , and [7] ). For the Clough-Tocher refinement we have n = 1. This implies that, in order to ensure a smoothness of order r for the triangle, we must enforce supersmoothness of order
Based on Lemma 3.1, [9] obtained optimal Clough-Tocher finite elements, in the sense that they involve the lowest possible degree for a given smoothness r: Remark 3.4. Lemma 3.1 makes a critical point as it can be used to obtain a lower bound for the degree of any polynomial finite element of class C r , defined on a polygon K ⊂ R 2 (It is valid not only for triangles, but also for any polygons).
3.2.
Minimal degrees for trivariate macro-elements. We are now able to illustrate the minimal conditions for the supersmoothnesses and the degree of polynomials for macro-elements over the Alfeld split of a tetrahedron. Let us consider a tetrahedron T := v 1 , v 2 , v 3 , v 4 and assume that it has been refined using the Alfeld split at v T strictly inside T.
Let F be a plane that intersects the tetrahedron T at the points v T , v 1 and v 2 (or equivalently, any other two vertices of T). Then the Alfeld refinement of T induces a Clough-Tocher refinement of a triangle on F. Since any trivariate spline with C r smoothness defined on T A is a bivariate spline of the same degree with the same smoothness r, when restricted to F, we can apply Lemma 3.3. So, the supersmoothness µ at the three vertices of the triangle on F (since it has a CloughTocher refinement) is at least 3m for r = 2m and 3m + 1 for r = 2m + 1. Coming back to the tetrahedron T, the supersmoothness µ at the vertices of the triangle on F is in fact the supersmoothness µ at the edges of T.
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Subsequent, there is another triangle of interest, namely F = v 1 , v 2 , v 3 (or equivalently, any other face of T). This triangle is non-split and any trivariate spline function restricted to F is a bivariate spline function with the same degree but the smoothness µ. Hence we can use Lemma 3.2 to get that the smoothness ρ at the vertices of F is at least 6m for r = 2m, and 6m + 2 for r = 2m + 1. There above, the degree of polynomials d is at least 12m + 1 for r = 2m, and 12m + 5 for r = 2m + 1. Coming back to the tetrahedron T, the supersmoothness ρ at the vertices of F is actual the supersmoothness ρ at the vertices of T and d the degree of polynomials for the spline function defined on T.
From the above, we also get that the supersmoothness η at the inner vertex v T must be at least 6m for r = 2m, and 6m + 2 for r = 2m + 1. It is desirable to have a higher degree of supersmoothness at the inner vertex, to remove unnecessary degrees of freedom. However, we can not choose η to be too large, since this would lead to too many smoothness conditions for the number of coefficients. Thus, we again regard the Clough-Tocher split triangle in a plane F that intersects the tetrahedron T at the points v T , v 1 and v 2 . From the above consideration, we know that this triangle has supersmoothness µ at the vertexv lying on the edge v 3 , v 4 . Suppose we choose d, µ, and r as above and that we enforce supersmoothness C η at the split pointv F of the triangle. Now, we consider the domain points on the ring R µ+1 (v), which lie inside the disk D η (v F ). This is a set of 2(µ + 1 − d + η) + 1 points. Setting the B-coefficients of the domain points within a distance of r from the faces of T, leaves 2(
+ 1 of these domain points with undetermined B-coefficients. These points must satisfy µ + 1 − d + η smoothness conditions across the edge v,v F . Then 2(µ − r) + 1 ≥ µ + 1 − d + η must be satisfied in order to avoid incompatibilities. Thus, we get that η ≤ µ + d − 2r and with the values for µ, d and r from above: r 2m 2m+1 η 11m+1 11m+4 TABLE 3. The maximal degree of supersmoothness at the inner vertices for macro-elements over the Alfeld split of tetrahedra.
Thus we can claim that Theorem 3.5. Given a smoothness r, in order to define a macro-element based on the Alfeld split of a tetrahedron of class C r , the minimal conditions on the supersmoothnesses and degree of polynomials given in Table 4 have to be fulfilled and the maximal conditions on the supersmoothness at the inner point can be enforced.
3m 6m 11m+1 12m+1 2m+1 3m+1 6m+2 11m+4 12m+5 TABLE 4. The minimal and maximal conditions on macroelements over the Alfeld split of a tetrahedron. Remark 3.6. In [1], the first C 1 macro-element over the Alfeld split of a tetrahedron was constructed using splines of degree 5 and C 2 supersmoothness at the vertices. A noncondensed version can be found in [5] . Moreover, in [7] this macro-element is described using splines of degree 5, with C 2 smoothness at the vertices and C 4 smoothness at the inner vertex v T , as we do here for r = 1.
Remark 3.7. The first C 2 macro-element over the Alfeld split of a tetrahedron was constructed in [3] . There polynomials of degree 13, with C 6 supersmoothness at the vertices, C 3 supersmoothness at the edges and C 12 supersmoothness at the splitting point v T of T for each tetrahedron T ⊂ ∆ were used. We use the same degree of polynomials and the same orders of supersmoothness conditions for the case r = 2.
CONSTRUCTION OF TRIVARIATE MACRO-ELEMENTS OVER THE ALFELD REFINEMENT
We are now ready to describe how to construct trivariate macro-elements of class C r over the Alfeld refinement of one tetrahedron T := v 1 , v 2 , v 3 , v 4 , with faces
. . , 4, where v 5 := v 1 and v 6 := v 2 , which will be used throughout this section. Therefore, let V T , E T , and F T be the set of vertices, edges and faces of T, respectively, and T A the corresponding Alfeld split consisting of the subtetrahedra
. . , 4. Moreover, let F I,T be the set of six interior faces of T A of the form u, v, v T , with u, v ∈ E T and for each face F := u, v, v T ∈ F I,T let T F := u, v, v T , w be a tetrahedron containing F.
The macro-elements constructed in this section for one tetrahedron T will be in the superspline space
with r, ρ, µ, η and d as in Table 4 .
Theorem 4.1. Let M T be the union of the following sets of domain points: Table 4 . Then M T is a stable minimal determining set for S r,ρ,µ,η d
The undetermined B-coefficients associated with the domain points in the balls D ρ (v i ), i = 1, . . . , 4, can be uniquely and stably computed from the B-coefficients associated with the domain points in 4.1.1 using the C ρ supersmoothness conditions at v i , i = 1, . . . , 4.
Using the C µ supersmoothness at the edges E T the undetermined B-coefficients associated with the domain points in the tubes E µ (e), e ∈ E T , can be uniquely and stably computed from those associated with the domain points in 4.1.2.
Next, we regard the shells
We have already determined all B-coefficients associated with the domain points in D ρ (v i ), i = 1, . . . , 4, and those associated with the domain points in E µ (e), e ∈ E T . Thus, together with the B-coefficients associated with the domain points in 4.1.3, we have already uniquely and stably determined all B-coefficients of s associated with the domain points in
To show that the remaining undetermined B-coefficients of s are uniquely determined, note that by the C η smoothness at v T , the B-coefficients of s associated with the domain points in D η (v T ) can be regarded as those of a polynomial p of degree η on the tetrahedron T, which is bounded by the domain points R η (v T ). Note that T is also subdivided at v T . Considering p, we have already determined the B-coefficients associated with the domain points within a distance of m from the faces of T, those within a distance of 2m from the edges of T and those within a distance of ρ − d + η from the vertices of T. Now, we show how to determine the remaining B-coefficients of p.
For i = 1, . . . , r 3 , we consider the B-coefficients associated with the domain points in the shells R d−r−i (v T ). We repeat the following three steps:
We first use Lemma 2.1 to uniquely determine the remaining B-coefficients associated with domain points within a distance of 2(m + i) − 1 from the edges of T. These B-coefficients correspond to domain points in R d−r−i−j (v T ), j = 0, . . . , m + i − 1, with a distance of m + i − j − 1 from the inner faces of T and are determined by trivariate C 2(m+i)−1 smoothness conditions at these faces. This step is indeed complicated. For clarity, we explain this step in detail in Example 5.3 and Example 5.4 when r = 3 and r = 4, respectively. Secondly, together with the B-coefficients associated with the domain points in 4.1.4 with a distance of 2(m + i) from the edges of T, we can uniquely determine the remaining B-coefficients within a distance of 2(m + i) from the edges of T using Lemma 2.1. The B-coefficients determined this way correspond to domain points in R d−r−i−j (v T ), j = 0, . . . , m + i − 1, with a distance of m + i − j from the inner faces of T and are determined by trivariate C 2(m+i) smoothness conditions at these faces. This step is also complicated. We To compute the dimension of S r,ρ,µ,η d
(T A ), we observe that
which reduces to the number in (4.1).
Since all B-coefficients associated with the domain points within a distance of r from a face F can be uniquely determined using the B-coefficients corresponding to the domain points in 4.1.1 -4.1.3, two neighboring tetrahedra T and T join with C r continuity across the common face F. Thus, the macro-elements constructed above can be used to define a C r macro-element space over a general tetrahedral partition. In the following, we present our construction of C r macro-elements over an arbitrary tetrahedral partition. Let ∆ be an arbitrary tetrahedral partition of a polyhedral domain Ω, and let V, E , and F be its sets of vertices, edges, and faces, respectively. Let ∆ A be the refined partition obtained by applying the Alfeld split to each tetrahedron in ∆. Then, let V I be the set of split points in the interior of the tetrahedra, and F I the set of faces of the form u, v, w , with u, v ∈ V and w ∈ V I , in
Moreover, let #V, #E, and #F be the cardinalities of the sets V, E , and F , respectively and let #N be the number of tetrahedra in ∆. 
)#F + (
)#N, for r = 2m + 1. 
EXAMPLES
We will give some examples for the macro-elements constructed in the previous section for r = 1, . . . , 4, for one tetrahedron T := v 1 , v 2 , v 3 , v 4 . We also show that our macro-elements reduce to those from [7] for r = 1 and r = 2. Table 4 and m = 0. Then, by (4.1), the dimension of the spline space is equal to 65. Moreover, the minimal determining set M T is the union of the following sets of domain points:
C1.4 v T The superspline space constructed in this subsection is exactly the same as constructed in [7] , chapter 18.3. Table 4 and m = 1. By (4.1), the dimension of the spline space is equal to 615 and the minimal determining set M T is the union of the following sets of domain points:
The macro-elements constructed in this subsection are exactly the same as those constructed in [7] , chapter 18.7. We use the same minimal determining set and the same superspline space. Moreover, our superspline space is also equal to the one in [3] . Since no minimal determining set was constructed in [3] , we can not make the comparison. Table 4 with m = 1. The dimension of the spline space is, as in (4.1) with m = 1, equal to 1344 and the corresponding minimal determining set M T is the union of the following sets of domain points: 
(v T )
We now show that M T is a minimal determining set for S 3,8,4,15 17 (T A ) and a given tetrahedron T. Therefore, we fix the B-coefficients associated with the domain points in M T of a spline s ∈ S 3,8,4,15 17 (T A ) to arbitrary values and show that the remaining B-coefficients of s can be uniquely determined.
The B-coefficients of s associated with the domain points in D 8 (v i ), i = 1, . . . , 4, can be uniquely and stably computed from those corresponding to the domain points in C3.1 using the C 8 supersmoothness conditions at the vertices of T. The remaining undetermined B-coefficients of s associated with domain points in E 4 (e), e ∈ E T , can be uniquely determined from those corresponding to the domain points in C3.2 using the C 4 supersmoothness conditions at the edges of T.
Subsequently, we consider the remaining undetermined B-coefficients of s associated with domain points in R 17 (v T ). Note that for each face F of T, we have already determined the B-coefficients corresponding to the domain points within a distance of eight from the vertices and four from the edges of F. Also, with the B-coefficients of s associated with the domain points in C3.3 lying on each face F of T, we have already determined all B-coefficients of s| F (cf. Fig. 3 (left) ). The B-coefficients of s associated with the domain points in the shells R 16 (v T ), R 15 (v T ), and R 14 (v T ) are determined in the same way as those corresponding to the domain points on the faces of T.
Let us give a detailed explanation of the determination of the remaining undetermined B-coefficients of s associated with the domain points D 15 (v T ). Since s has C 15 supersmoothness at v T , we can view the B-coefficients of s associated with the domain points in D 15 (v T ) as those of a polynomial p of degree fifteen on the tetrahedron T which is the convex hull of these domain points.
Recall that we have already determined the B-coefficients of p corresponding to the domain points within a distance of one from the faces of T, those within a distance of two from the edges of T and those within a distance of six from the vertices of T. We mainly deal with the B-coefficients of p associated with the domain points in R 13 (v T ). See Fig. 3 (right) for various kinds of domain points.
The domain points with undetermined B-coefficients are those marked by ', $ and . Let us explain how to use Lemma 2.1 and the B-coefficients corresponding to C3.4 and C3.5 to determine them.
First, we consider the B-coefficients of p corresponding to the domain points within a distance of three from the edges of T. Note that those associated with domain points in R 14 (v T ) and R 15 (v T ) are already determined. Thus, the only undetermined B-coefficients are those corresponding to the domain points with a distance of one from the interior faces of T A in R 13 (v T ) and those on the interior faces in R 12 (v T ). In Fig. 3 (right) these domain points in R 13 (v T ) are marked with '.
Considering the C 1 , C 2 , and C 3 smoothness conditions across the interior faces of T A , we see that each triple of these covers three undetermined B-coefficients. One of these corresponds to a domain point on an interior face in R 12 (v T ) and the other two are associated with the two corresponding domain points with a distance of one from this face in R 13 (v T ) labeled with '. Thus, there are three equations from smoothness conditions and three undetermined B-coefficients. By Lemma 2.1, the corresponding system has a unique solution and these B-coefficients can be uniquely and stably determined. In the same way each other triple of undetermined B-coefficients associated with domain points with a distance of three from the edges of T can be uniquely and stably determined.
Secondly, we determine the B-coefficients of p corresponding to the domain points within a distance of four from the edges of T. Here, the only undetermined B-coefficients correspond to those domain points with a distance of two from the interior faces of T A in R 13 (v T ), those with a distance of one from the interior faces in R 12 (v T ) and those on the interior faces in R 11 (v T ). In Fig. 3 (right) these domain points in R 13 (v T ) are marked with $. Now, the set C3.4 contains the domain points on the interior faces in R 11 (v T ) and thus, the corresponding B-coefficients are determined. We have C 1 , C 2 , C 3 , and C 4 smoothness conditions across the interior faces of T A connecting the B-coefficients associated with the domain points within a distance of four from the edges of T. Each quadruple of these smoothness conditions covers four undetermined B-coefficients. Two of these correspond to the domain points with a distance of one from an interior face of T A in R 12 (v T ) and the other two are associated with the two corresponding domain points with a distance of two from this face in R 13 (v T ) labeled with $ in Fig. 3 (right) . Note that each domain point marked with $ corresponds to one of the these quadruples of smoothness conditions. Then there are four equations from smoothness conditions and four undetermined B-coefficients. By Lemma 2.1, the corresponding system has a unique solution and these B-coefficients can be uniquely and stably determined. In the same way each other quadruple of undetermined Bcoefficients associated with domain points with a distance of four from the edges of T can be uniquely and stably determined.
Thirdly, we note that C3.5 contains all domain points to the remaining undetermined B-coefficients of p| R 13 (v T ) . In Fig. 3 (right) these domain points are marked with . Thus, p| R 13 (v T ) is uniquely and stably determined.
So far we have determined all B-coefficients of p corresponding to domain points within a distance of two from the faces of T. Finally, setting the B-coefficients of p associated with the domain points in C3.6 is equivalent to setting the derivatives of p at v T up to order three, since these derivatives can be directly computed from the B-coefficients and vice versa. Hence, by Lemma 2.4, the remaining undetermined B-coefficients of p can be uniquely determined. Therefore, we can completely determined the remaining B-coefficients of s by subdivision. It is standard that the B-coefficients of s corresponding to the domain points in D 12 (v i ), i = 1, . . . , 4, can be uniquely and stably determined from those associated with the domain points in C4.1 using the C 12 supersmoothness conditions at the vertices of T. The remaining undetermined B-coefficients of s associated with domain points in E 6 (e), e ∈ E T , can be uniquely computed from those corresponding to the domain points in C4.2 using the C 6 supersmoothness conditions at the edges of T. In addition, since the B-coefficients of s associated with domain points on the faces of T within a distance of twelve from the vertices and a distance of six from the edges of the faces are already determined, together with the B-coefficients associated with the domain points in C4.3 on the faces of T, s is uniquely and stably determined on these faces (cf. Fig. 4 (left) ). Then, all remaining B-coefficients of s corresponding to the domain points in the shells R 24 (v T ), R 23 (v T ), R 22 (v T ), and R 21 (v T ) are determined in the same way.
We now explain how to determine the remaining undetermined B-coefficients of s associated with the domain points D 23 (v T ). Since s has C 23 supersmoothness at v T , we can regard the B-coefficients of s associated with the domain points in D 23 (v T ) as those of a polynomial p of degree twenty-three on the tetrahedron T, which is bounded by the domain points in R 23 (v T ). Note that from the above, we have already determined the B-coefficients corresponding to the domain points within a distance of two from the faces of T, those within a distance of four from the edges of T and those within a distance of ten from the vertices of T.
Let us spend some time to explain the determination of the remaining undetermined B-coefficients of p associated with the domain points in R 20 (v T ). Consider one of the inner faces of the tetrahedron T which has a vertex v T . The intersection of the face with the layer R 20 (v T ) is an edge. Then the undetermined B-coefficients correspond to the domain points within a distance of two from this edge. They are indicated by ' in Fig. 4 (right) . Recall that we have already determined the Bcoefficients corresponding to the domain points within a distance of one from this edge which are indicated by in Fig. 4 (right) . We have C 5 smoothness conditions at this edge which is in fact just an interior face of T A . Thus, these are trivariate smoothness conditions. For each individual C 5 smoothness condition and the corresponding C 0 , . . . , C 4 conditions, there are a total of five undetermined B-coefficients involved: Two corresponding to the domain points lying in R 20 (v T ) with a distance of two from the edge; Two associated with the domain points lying in R 19 (v T ) within a distance of one from the corresponding edge, the intersection of the face and R 19 (v T ); And one associated with the domain point lying on the corresponding edge, the intersection of the face with layer R 18 (v T ). (In fact, on this edge on R 18 (v T ), there are two domain points of undetermined B-coefficients. But, due to the C 0 smoothness condition, these are equal.) That is, we have five undetermined B-coefficients and five smoothness conditions. Following Lemma 2.1, the corresponding linear system has a unique solution. Thus, all the B-coefficients indicated with ' in Fig. 4 (right) are stably and uniquely determined. In other words, the B-coefficients of p associated with the domain points within a distance of five from the six edges of T are uniquely determined.
In a similar way, by Lemma 2.1, the remaining undetermined B-coefficients of p corresponding to the domain points within a distance of six from the edges of T can be uniquely computed by C 6 smoothness conditions together with the Bcoefficients associated with the domain points in C4.4. Now, together with the B-coefficients of p corresponding to the domain points in C4.5, all B-coefficients of p associated with the domain points in R 20 (v T ) are uniquely determined (cf. Fig.  4 (right) ).
We have determined all B-coefficients of p corresponding to the domain points within a distance of three from the faces of T. Then, setting the B-coefficients of p associated with the domain points in C4.6 is equivalent to setting the derivatives of p at v T up to order seven since these domain points directly determine the derivatives and vice versa. Therefore, by Lemma 2.4, the remaining undetermined B-coefficients of p are uniquely determined. Thus, using the de Casteljau algorithm to apply subdivision, all B-coefficients of s are uniquely determined. 
NODAL DEGREES OF FREEDOM
In this section we show how to construct a nodal minimal determining set for our macro-elements. The macro-elements are in the same superspline space as defined in section 4. First we need some additional notation.
Given a multi-index α :
z . For each edge e := u, v of a tetrahedron T ∈ ∆, let X e be the plane perpendicular to e at the point u. We provide X e with Cartesian coordinate axes whose origin lies at the point u. Then, we define D β e ⊥ to be the corresponding directional derivative of order |β| := β 1 + β 2 , in a direction lying in X e . For an oriented triangular face F := u, v, w of T, we write D F for a unit normal derivative associated with F. For each edge e of T, let D eF be the directional derivative associated with a unit vector perpendicular to e that lies in the interior faceF containing e. Moreover, for each edge e in a face F of T, let D e⊥F be the directional derivative associated with a unit vector perpendicular to e that lies in F.
We also need some notations for certain points and sets of points.
For i > 0, we define
to be equally spaced points in the interior of e.
For α ≥ 0, we define
to be a set of points in the interior of a triangle F. If For any point u ∈ R 3 , we write u for the point evaluation functional defined by
Now we are ready to give a nodal minimal determining set for our macroelements. Therefore, let ∆ be an arbitrary tetrahedral partition of a polyhedral domain Ω, and let V, E , and F be its sets of vertices, edges, and faces, respectively. Let ∆ A be the refined partition obtained by applying the Alfeld split to each tetrahedron in ∆. Then, let V I be the set of split points in ∆ A . Theorem 6.1. Let N ∆ be the union of the following nodal sets: For each vertex v ∈ V the B-coefficients of s associated with the domain points in the ball D ρ (v) can be stably computed from the values in 6.1.1.
For each edge e ∈ E the B-coefficients of s corresponding to the domain points in the tube E µ (e) can be stably determined from the values in 6.1.2.
For each face F ∈ F , the sets 6.1.3 and 6.1.4 contain values for one tetrahedron T F containing F. For the face F of T F , we have already determined the B-coefficients associated with the domain points within a distance of µ from the edges of F. Thus, the only undetermined B-coefficients of s| F are those associated with the domain points in A F 0 . Since 6.1.3 contains the values of s at the points in A F 0 , these B-coefficients can be computed by solving a linear system with matrix M 0 :=
The entries of the matrix depend only on barycentric coordinates, thus M 0 is independent of the size and shape of F. Moreover, by lemma 2.5 the matrix is nonsingular. In the same way the remaining undetermined B-coefficients of s associated with domain points with a distance of one from F in T F can be determined from the values of the first order derivatives in 6.1.3 corresponding to F. This involves solving a linear system with matrix M 1 := B d−1 ν (ξ) ν,ξ∈A
, which is also independent of the size and shape of F and nonsingular by lemma 2.5. Now, let F i be the layer of domain points with a distance of i from a face F of T. Then, we have already determined the B-coefficients of s associated with the domain points within a distance of ρ − i of the vertices of F i and those associated with the domain points within a distance of µ − i from the edges of F i . We use the values of the derivatives in 6.1.4 corresponding to F i to stably determine the B-coefficients associated with the domain points with a distance of µ − i + j from the edges of F i , for j = 1, . . . a distance of r from F can be uniquely and stably determined by the C r smoothness conditions at F, where T F is the tetrahedron touching T F at F. At this point we have determined all B-coefficients of s, such that the smoothness conditions at the vertices, edges and faces of ∆ are satisfied. Now let T be a tetrahedron in ∆. Note that by the C η smoothness at v T , the B-coefficients of s associated with the domain points in D η (v T ) can be regarded as those of a polynomial p of degree η on the tetrahedron T bounded by the domain points R η (v T ). The tetrahedron T is also subdivided at v T .
Considering p, we have already determined the B-coefficients associated with the domain points within a distance of m from the faces of T, those within a distance of 2m from the edges of T and those within a distance of ρ − d + η from the vertices of T. We use Lemma 2.1 to stably determine the B-coefficients associated with the domain points within a distance of 2(m + i) − 1 from the edges of T. Now, we can use the values of the derivatives in 6.1.5 associated with T to stably determine the B-coefficients of s associated with the domain points on the interior faces of T A with a distance of µ + 2i from the corresponding edges of T. These domain points have a distance of 2(m + i) from the corresponding edge of T. Thus, using Lemma 2.1, we can determine the B-coefficients of p associated with the domain points within a distance of 2(m + i) from the edges of T.
Let F i be the layer of domain points of p with a distance of m + i from a face F of T. Using the values of the derivatives in 6.1.6 corresponding to F i , the B-coefficients of p associated with the domain points with a distance of µ − r + i + j, j = 1, . . . , r − 3i − 1, from the edges of F i can be stably determined. Subsequent, we use the values of the derivatives in 6.1.7 corresponding to F i to compute the remaining B-coefficients of p| , which is nonsingular by lemma 2.5 and also independent of the size an shape of F. Now, we have determined all B-coefficients of p within a distance of m + r 3 from the faces of T. Thus, using Lemma 2.4, the remaining undetermined B-coefficients of p can be stably determined from the values of the derivatives in 6.1.8 associated with T. Thus, all B-coefficients of s can be uniquely and stably determined.
REMARKS
Remark 7.1. For r = 2, our macro-elements differ from those constructed in [3] , only in the way the B-coefficients associated with domain points in R 11 (v T ) are determined. We determine some of the B-coefficients on this shell by using the nodal data in 6.1.3 and those in 6.1.4. In [3] , more derivatives at the faces of each tetrahedron are used and therefore the nodal data in 6.1.4 can be omitted. We use this more complicated nodal minimal determining set, since we extend our construction to arbitrary smoothness. Assuming that conjecture of Schumaker in
